The discrepancy between the frequent complex behaviour of simple population dynamical models and the relative dynamical simplicity of most experimental data encourages theoretical ecologists to revise the basic assumptions of the models. Among many other results, it has been shown recently that sexual reproduction increases dynamical stability, merely because population genetical process is introduced in the models. Here, we investigate another general consequence of sexual reproduction, the cost of rarity or the Allee e!ect, from a dynamical point of view. We show that the cost of rarity increases the stability of (the stable) "xed point in a broad class of one-dimensional di!erence equation systems. The strong stabilization due to the Allee e!ect is demonstrated by the numerical simulation of a host}microparasite model as well.
Introduction
It is well known for decades that population dynamical models, as prototypes of nonlinear systems may exhibit complex dynamics, including periodic behaviour, limit cycles and chaos (May, 1974) . While numerous ecological models should behave in a complicated manner (e.g. May & Oster, 1976; Gilpin, 1979; Arneodo et al., 1982; Sha!er & Kot, 1985; Hassel et al., 1991; Hastings & Powell, 1991) , parameter estimations based on experimental data suggest that complex dynamic behaviour is, in actual fact, a rare event in natural populations. Analysing 24 insect data series, Hassel et al. (1976) concluded that most populations show monotonic damping with only one case of limit cycle and no case of chaos. Thomas et al. (1980) and Mueller & Ayala (1981) studied 27 drosophilid species and 25 D. melanogaster * E-mail: shieazsf@ludens.elte.hu tribes, respectively, and found that most of them exhibited dynamical stability. Only "ve non-signi"cant tests indicated more complex behaviour. This problem encouraged many scientists to revise and modify either the models (McCallum, 1992; Bolker & Grenfell, 1993; Gonzalez-Andujar & Perry, 1993; Csilling et al., 1994; Doebeli, 1995; Scheuring & JaH nosi, 1996) or to develop more adequate parameter estimation procedures (Turchin & Taylor, 1992; Ellner & Turchin, 1995; Ellner et al., 1998) . The general conclusion of these studies on the one hand is that models are not structurally stable, that is the high possibility of complex dynamical behaviour might originate from the unrealistic oversimpli"cations in classical models, while, on the other hand, more sophisticated data-analysing techniques predict more complicated dynamics (mainly periodic) than did earlier studies (Berrymann & Millstein, 1989; Godfray & Grenfell, 1993) . The gap between the forecast of the models and data seems to be decreased by some recent "eld (Hanski et al., 1993; Higgins et al., 1997) and experimental (Costantino et al., 1997) investigations, showing complex (possible chaotic) dynamics in di!erent systems. The most serious problem remains that even the longest data series are too short and too noisy to give reliable information about the dynamical behaviour, particularly if the candidate is to be quasiperiodic or chaotic (Stone, 1992; Ellner & Turchin, 1992; Ellner et al., 1998) .
Ecological models traditionally assume asexually reproducing organisms, which is an obviously inadequate simpli"cation in most cases. Doebeli & Koella (1994) considered two classical models, a host}microparasite and a predator} prey model both of which behave in a complex manner, including chaos for a wide parameter range. To represent the sexual reproduction they completed the original equations with population genetical relations (one locus with two or more alleles). On the basis of the studied models they concluded that &&sexual reproduction can stabilize population dynamics in two ways: (i) sex can increase the parameter space that leads to the coexistence of di!erent genotypes; and (ii) sex generally decreases #uctuations in the density of individual genotypes and of the population as a whole''.
In this paper we concentrate on the Allee e!ect, a di!erent and dynamically very important consequence of sexual reproduction. With the Allee e!ect and its mathematical description introduced, we show that the stable "xed point of models become more stable. Consequently, the Allee effect decreases the emergence of complicated dynamical behaviour in a very broad model family. The results are demonstrated numerically on the host}microparasite system used by Doebeli & Koella (1994) earlier.
Allee E4ect, the Cost of Rarity
The "rst step of sexual reproduction is just the opposite of multiplication, because it demands the fusion of gametes. It is essential to "nd the mating partner in sexual species, consequently, reproduction is less e$cient in relatively rare populations (Allee, 1931 (Allee, , 1938 . Besides this effect, population growth rate may decrease further by social dysfunction or inbreeding depression whenever population density is low. The fall-o! reproduction rate at low densities, the so-called Allee e!ect, is not only a theoretical possibility, it has been observed in a number of di!erent species, including invertebrates, vertebrates and plants (McCarthy, 1997, and references therein) . McCarthy (1997) has considered an individualbased deduction for modelling reduced mating success at low population density. Assuming that mates are distributed randomly in space, the number of females equal the number of males and the studied species is monogamous, he concluded that the chance of successful mating is
where m is the density of females, D is the average area that can be searched by an individual. This Michaelis}Menten-like function has been used earlier as a phenomenological equation to describe Allee e!ect. For polygynous populations mating success was equal to
where S is the maximum area searched for mating (McCarthy, 1997) . Below we use only the general characteristics of the above equations, namely, that they are strictly monotonically increasing functions of density, and approach one as density tends to in"nity.
Allee E4ect and Dynamical Stability
Let us consider the following di!erence equation representing the dynamics of a population:
Here, N R is the density at time t, is the per capita growth rate, and f (N R ) is the function describing the interactions among individuals. This is the simplest model which may exhibit very complicated behavior (May & Oster, 1976) . We may consider it as a model of an isolated population reproducing synchronously, or it can be a discrete map of a higher-dimensional continuous system. The function f (N R ) generally describes intrapopulation competition, thus it decreases 408 TABLE 1 Increasing decreases the stability of ,xed point in the most frequently used models May & Oster (1976) , '0 continuously as density increases. Mathematically, it means that
The control or bifurcation parameter in the model system (3) is , the per capita growth rate. A typical characteristic of these models, being the member of the de"ned model class, is that increasing decreases the stability of "xed points. It can be shown that this does occur if and only if
where N and N are the "xed points that belong to and ( ( ) growth rates, respectively. Condition (iii) does not automatically follows from the monotony of f (N) (see, for example,
gives a su$cient, but easily controllable condition for increasing to be the destabilizing parameter (details are given in the appendix). The practically used one-dimensional models satisfy the above inequality, as it is demonstrated in Table 1 . In the future we concentrate on the systems where increasing , the intrinsic growth rate, decreases the dynamical stability of "xed points [condition (iii) is valid].
The Allee e!ect modi"es the reproduction rate in function of N R , which is taken into consideration with function a(N R ). Thus the dynamics of the sexual population is
According to the previous section we assume that the continuous and di!erentiable a(N) satis-"es the following conditions: Systems (3) and (4) are considered as models of asexual and sexual (with Allee e!ect) populations, respectively. The non-trivial (non-zero) "xed points of eqns (3) and (4) assumptions (i, ii, iv, v, vi) that eqn (5b) has at the most two solutions [ Fig. 1(b) ]. We are interested in the stability of the non-trivial "xed points, so we assume that the asexual population has one, and the sexual population has two (non-zero) "xed points. Using assumptions (iv)}(vi) we can conclude that a(N)(1 for every positive "nite N. Consequently, the actual growth rate of the sexual model is always less than that of the asexual one, that is a (N)( for every population density. To compare the models from the stability point of view correctly, we choose a *' growth rate for the sexual populations such that *a (N*)" . Thus, the growth rate of sexual population is normalized so as to be the same as the asexual one, and both the models tend to the same N* "xed point.
The local asymptotic stability of "xed points is evaluated by the derivative of the right hand side of eqns (3) and (4) at the "xed points. Producing these derivatives and substituting eqns (5a,b) into them we arrive at
A "xed point is locally stable if the absolute values of the above derivatives are smaller than one (see e.g. May, 1974) . It follows from assumption (i) and eqn (6a) that F ( , N*)(1 at every '1. Consequently, the studied "xed point could be unstable if and only if the above derivative becomes smaller than !1. Since a (0)"0, and
and from (iv)}(vi) it is easy to see that [ a (N) f (N)](0 if N'N AP
, a threshold density. Or, equivalently
Knowing that functions a (N) and f (N) are continuous and eqns (7a,b) and assumptions (i}vi) are valid, it follows that the smaller "xed point, N* S 3(0, N AP ), and the bigger one, N*3(N AP , R) [ Fig. 1(b) )]. Comparing eqns (6b) and (7a), it can be seen that N* S is always unstable, while N* can be unstable if and only if F ? ( *, N*)(!1. The sexual population is more stable, in the sense that it loses stability at higher , if
or according to eqns (5a,b) and (6a,b) if Using assumptions (iv) and (v) and knowing that N* is positive, we may conclude that the last inequality is always true. Allee e!ect increases the local asymptotic stability of the "xed point in our model class.
Allee E4ect in a Host+Microparasite Model
May & Anderson (1983) introduced a relatively simple model to study the dynamical behaviour of a population with discrete nonoverlapping generations regulated by a microparasite. They assumed a pathogen that spread in every generation. They have shown that the fraction I of the infected and killed host population depends on the host density according to
where N 2 is a threshold density characterizing the virulence and transmissibility of the parasite. If N(N 2 then I"0 is the only solution of eqn (11), that is the pathogen cannot spread. If  N'N 2 , there is an IO0 non-trivial solution of eqn (11), so the pathogen does spread. [I (N) is not a strictly monotonically decreasing function, but it is in the neighbourhood of the "xed point, which is su$cient for us.] Assuming that the lethal infection does occur before reproduction, the dynamics of the host population is
with I (N) given by eqn (11). As May (1985) pointed out this simple model behaves in a very complex manner, it is chaotic at every '1 parameter value [ Fig. 2(a) ]. Doebeli & Koella (1994) modi"ed the above model considering the host as a diploid randomly mating sexual population. They assumed one locus and two (or three) alleles on it, and each of three genotypes being susceptible to a unique pathogen clone, while the threshold densities and the growth rates were the same for every genotype. Numerical simulations demonstrate that the genetic coupling in the sexual system has a general stabilizing e!ect [ Fig. 2(b) ].
Let us study now the consequence of the Allee e!ect in this model system. We plug a particular Allee function [see eqn.
(1)] into eqn (12), thus
Similarly, as before, parameter * is selected such that * N R /(N R #1/D)" in a long range time average of N R . Simulating eqns (11) and (13) at many di!erent values of parameter D, we may state that the Allee e!ect increases the stability of the system considerably. In tune with our mathematical result [see eqn (10)], increasing the cost of rarity (decreasing D) increases the parameter where the "xed point loses its stability [ Fig. 2 (c) and (d)]. The stabilization e!ect of cost of rarity is analysed more systematically in Fig. 3 . The normalized growth rate, where the "rst bifurcation point ( fbp) emerges is plotted as a function of the strength of the cost of rarity (1/D). fbp can be "tted to 1/D as a logarithmic function ( f bpJlog (1/D)) at higher costs, while it increases more moderately at lower costs.
Interestingly, the combination of Doebeli and Koella model with the Allee e!ect does not cause a meaningful di!erence in this particular model. The bifurcation diagram is qualitatively the same as that of Fig. 2(b) .
Discussion
Although the most species reproduce sexually (at least facultatively), mathematical models generally assume asexual reproduction. Sexual reproduction di!ers from the asexual one in many respects. Doebeli & Koella (1994) have shown that the mixing of alleles due to sexual reproduction can stabilize population dynamics. Here we studied the cost of rarity, often called the Allee e!ect, emerging in sexual populations, from the point of view of dynamical stability. This characteristic of sexual reproduction is known, modelled and demonstrated by experiments and "eld studies (Allee, 1931 (Allee, , 1938 Veit & Lewis, 1996) , but its e!ect on dynamical stability has not been studied in a general setting yet. We concentrated on the competitive, one-dimensional discrete models, where increasing per capita growth rate decreases the stability of the "xed point. But, this nature of growth rate is not followed directly from the model assumptions (see the appendix). To avoid artifact caused by that Allee function is smaller than one at every density, the asexual 412 model and its sexual counterparts are compared at the same normalized growth rate. We veri"ed that Allee e!ect increases stability in this broad model class [see assumptions (i}vi)]. Allee e!ect stabilizes in our model system since some increase in the population density even close to equilibrium increases the reproductive success further [that is a(N)'0] which moderates the strength of the density-dependent competition ( f (N)(0] .
On the other hand, it is well known that the cost of rarity drives populations to extinction at low densities and/or growth rates. Sexual populations are more vulnerable to environmental stochasticities in this sense than the asexual ones (e.g. Begon & Mortimer, 1986) .
Our results support the conjecture that the frequent emergence of chaos and other higherorder limit cycles in many population dynamical models is a result of the oversimpli"ed assumptions in many respects: generally, numerous stabilizing mechanisms, such as stage-and agespeci"c population structure, the spatial and temporal structure as well as diversity of habitats, and sexual reproduction are neglected. Sexual reproduction can stabilize populations due to population genetical and population dynamical reasons as well.
The evolutionary bene"t of sex is under debate for a long time. On the basis of the Doebeli & Koella (1994) conclusions and the results presented here we can conclude that sexual reproduction, by increasing the stability of the stable "xed point and decreasing the dynamical #uctuations of populations, may decrease the probability of extinction caused by environmental catastrophes. However, we cannot neglect the word &&may'' since the sexual populations are more vulnerable to the low densities than the asexual ones just for the Allee e!ect. What happens in reality depends on the actual situation and many other details. Strong environmental #uctuation could be dangerous only for a sexual species because of the cost of rarity, however, a small environmental noise can exclude a highly #uctuating asexual population, but it does not endanger a dynamically stable sexual one. Naturally, this could only be a long-term bene"t of sex which is connected with the observation that sexual species (and higher taxa) are more widespread and exist longer than the asexual ones. The direct, short-term bene"t of sex can be explained by other mechanisms (e.g. Maynard Smith, 1989) .
I am very grateful to the anonymous reviewers for their helpful comments on the paper. This work was supported by the Hungarian National Science foundation (OTKA) under Grant Nos. T025793 and T029789. APPENDIX Consider the model described in the main text:
where represents the intrinsic growth rate and f (N R ) is a function which describes the density dependence in the model. To explore the e!ect of on the stability of the "xed point of this system, we compare its behaviour at two di!erent 's. Let us assume that ( , then the "xed point of eqn (A.1) will be the solution of 1" f (N ) and 1" f (N ), (A.2) respectively (the existence of solutions is assumed). Function f is strictly monotonically decreasing, thus f (N )'f (N ), and consequently N (N . It is well known that the local asymptotic stability of systems like (A.1) depends on the value of " F( G , N G ) " (i"1,2). If " F ( G , N G ) "(1 then N G is stable against small perturbations (e.g. May, 1974) . Ful"lling the derivations on the system (A.1)
Substituting eqn (A.2) in eqn (A.3) we have 
